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Abstract
We consider an exponential model within the so-called f(T ) theory of gravity, where T denotes
the torsion scalar. We focus our work on a cosmological feature of such a model, checking whether
it may describe the de Sitter stage of the current universe through the analysis of the redshift z.
Our results shows that the model reproduces the de Sitter stage only for low-redshifts, where the
perturbation function goes toward zero as the low values of the redshift are reached, whereas the
effective parameter of equation of state goes to −1, which is the expected behavior for any model
able to reproduce de Sitter stage.
Pacs numbers: 98.80.-k, 04.50.Kd, 95.36.+x
1 Introduction
According to the recent astronomical data from Type Ia supernovae [1] as well as from the CMB
spectrum [2], it is well known that our universe is experiencing an accelerating expanded phase. In order
to comply with this feature, dark energy content for the universe is assumed [3] within the framework of
the General Relativity (GR), having undesired properties such as the violation of some energy conditions.
Nowadays, it is a well-known fact that modifying the law of gravity leads to possible explanations for the
acceleration mechanism of the universe [4, 8]. Various modified theory are proposed, one assumed as an
algebraic function of the curvature R, the so-called f(R) theory of gravity [9, 15], other as an algebraic
function for both the curvature and the Gauss-Bonnet invariant G [16, 21].The recent and interesting
kind of modified theory of gravity is the one base on the torsion scalar, as algebraic function of this later,
denoted by f(T ) [22, 62].
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The modified theory of gravity undertaken in this paper, called f(T ), is a modified version of the
teleparallel (TT) essential based on the torsion scalar T . In this way, the torsion, as the TT term,
is replaced by an algebraic function of the torsion, and this, always in the optic to comply with the
cosmological data. In this paper, we are interested in the cosmological behavior of realistic models
of modified gravity describing the de Sitter epoch of the current universe. As a check, we will study
homogeneous perturbations around the de Sitter solution of the dark energy density, to see whether we
are able to regain the well known results. Note that the analysis is possible only the explicit form of
the algebraic function is known. We therefore consider an exponential form of f(T ). Remember that
this kind of model is well-known is the framework of f(R) [63], where the cosmological evolution has
been explored. More precisely in the framework of f(T ) theory of gravity, Bamba and collaborators
considered an exponential model and studied cosmological evolutions of the equation of state for dark
energy. They result shows that the crossing of the phantom divide line of ωDE = −1 may be observed
when a logarithmic correction is performed to the exponential model. In the paper [66], it is shown that
for ω is pure-imaginary, the model is unstable. Also, it is shown that the model defined by the equation
(39) is stable if ) < q < 1. On the other hand, in a work developed by Bamba and collaborators, it has
been shown that the model (39) of our paper should not produce “finite time singularities” [65]. The well
known of finite time singularities is the Big-Rip. Note that the Big-Rip appears only in the phantom phase.
Therefore, the model under consideration here may just reproduce a quintessence universe, meaning that
the greater value of the effective parameter of equation of state is −1.
In this paper, we still obey these features of the considered model, considering the suitable values of
the parameter q as pointed out in [66], and try to check whether such a model should describe the de Sitter
stage of our current universe. This paper can be view as an extension of these cited paper, still in the
optic to point out the how much this the exponential f(T ) model can be assumed as a viable one. To do
so, we perform a perturbation around the de Sitter point and such for the behaviour of the perturbation
function y(z). We see that as the low red-shifts are being reached, the perturbation parameter goes to
zero. This means that the exponential f(T ) can describe the de Sitter stage only for low red-shift. It
is why for our study in this paper, we limit the values of z to the lowest ones. It is can be view from
our results that the behaviour of the parameter of the equation of state related to the dark energy is
the same as in the Bamba’s paper [65], despite of using different values of the parameter q belonging to
the interval imposed by [66]. Also, in this paper, within suitable values of the input parameters we plot
the cosmological parameters ωDE and ωeff and also the behaviour of the perturbation function y(z).
Our results perfectly fit with the cosmological observational data and more precisely, for the low-redshift,
the function y(z) goes towards zero whereas ωeff tends to −1, showing the stability of the model under
consideration around the de Sitter solution.
The paper is organized as follows: In 2 we present the generality on f(T ), putting up the general
2
equation of motion and its associated generalized Friedmann equations from which all the analysis are
realized. The 3 is devoted for obtaining the general scale factor according to the model. The conclusion
and perspective are presented in the last section.
2 Generality on f(T ) theory
The modified theory of gravity based on the torsion scalar is the one for which the geometric part of
the action is an algebraic function depending on the torsion. In the same way as in the Teleparallel gravity,
the geometric elements are described using orthonormal tetrads components defined in the tangent space
at each point of the manifold. In general the line element can be written as
ds2 = gµνdx
µdxν = ηijθ
iθj , (1)
where we define the following elements
dxµ = e µi θ
i θi = ei µdx
µ. (2)
Note that ηij = diag(1,−1,−1,−1) is the metric related to the Minkowskian spacetime and the {eiµ} are
the components of the tetrad which satisfy the following identity
e µi e
i
ν = δ
µ
ν , e
i
µ e
µ
j = δ
i
j . (3)
The connection in use in this theory is the one of Weizenbock’s, defined by
Γλµν = e
λ
i ∂µe
i
ν = −ei µ∂νe λi . (4)
Once the previous connection is assumed, one can then expression the main geometric objects; the torsion
tensor’s components as
T λµν = Γ
λ
µν − Γλνµ, (5)
which is used in the definition of the contorsion tensor as
Kµνλ = −
1
2
(T µνλ − T νµλ + T νµλ ) . (6)
The above objects (torsion and contorsion) are used to define a new tensor S µνλ as
S µνλ =
1
2
(Kµνλ + δ
µ
λT
αν
α − δνλTαµα) . (7)
The torsion scalar is defined from the previous tensor and the torsion tensor as
T = T λµνS
µν
λ (8)
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Let us write the action for the modified f(T ) theory with matter as follows
S =
∫
d4xe
[
f(T )
2κ2
+ L(matter)
]
, (9)
where e ≡ det[ei µ] = √−g denotes the determinant of the tetrad, and g the determinant of the space-
time metric and the algebraic function f(T ) is assumed as the sum of the Teleparallel gravity term ( the
torsion scalar T ), and an additive algebraic function F (T ) as
f(T ) = T + F (T ). (10)
But for the instance we will continue working in the general scheme using the algebraic function f(T ),
having in view that the additive function F (T ) has to be used later.
By varying Eq. 9 with respect to the tetrad, one gets the following general equation of motion [60],
S νρµ ∂ρTfTT + [e
−1ei µ∂ρ(ee
µ
i S
νλ
α ) + T
α
λµS
νλ
α ]fT +
1
4
δνµf =
κ2
2
T νµ , (11)
where T νµ denotes the stress tensor such that
T νµ = (ρ+ p)uµuν − pδνµ, (12)
ρ and p being the energy density and the pressure of ordinary content of the universe respectively and
uµ, the four-velocity such that uµuµ = 1. Still with the considered signature (+,-,-,-), we assume the line
element for the flat Robertson-Walker universe as
dS2 = dt2 − a2(t)dx2, (13)
where a(t) is the universe scalar factor. Therefore, the torsion scalar is performed giving
T = −6H2. (14)
From Eq.(11), and using (13), one gets the following gravitational field equations:
− TfT (T ) + 1
2
f(T ) = κ2ρ, (15)
2T˙HfTT (T ) + 2(H˙ + 3H
2)fT (T ) +
1
2
f(T ) = −κ2p. (16)
Here the “dot” denotes the derivative with respect to the cosmic time t, H = a˙(t)/a(t), the Hubble
parameter and ρ and p , the matter energy-density and pressure, respectively. The matter conservation
equation reads
ρ˙+ 3H(ρ+ p) = 0. (17)
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By assuming that the matter content is a perfect fluid, the pressure and the energy density are related
by the barotropic equation of state (EoS)
p = ωρ, (18)
where ω is the EoS-parameter for matter. For standard matter (non-relativist matter), ωm = 0 and
ρm = ρ
(0)
m a(t)−3, whereas for radiation (relativist matter), ωr = 1/3 and ρr = ρ
(0)
r a(t)−4.
Now, making use of the relation f(T ) = T + F (T ), one can write the Eqs.(15)− (16) as functions of
the effective energy density, ρeff , and effective pressure, peff as
ρeff =
3
κ2
H2, (19)
peff = − 1
κ2
(
2H˙ + 3H2
)
, (20)
where
ρeff = ρ− 1
2κ2
[F (T )− 2TFT (T )] , (21)
peff = p+
1
κ2
[
F (T ) + 4
(
H˙ + 3H2
)
FT (T ) + 4HT˙FTT (T )
]
. (22)
Let us define the dark energy density ρDE as ρDE = ρeff − ρ and introduce the variable
yH(z) ≡ ρDE
ρ0m
=
H2
m¯2
− (z + 1)3 − χ(z + 1)4, (23)
where, ρ
(0)
m is the energy density of matter at present time, m¯2 being the mass scale
m¯2 ≡ κ
2ρ0m
3
≃ 1.5× 10−67eV 2, (24)
and χ defined by
χ ≡ ρ
0
r
ρ0m
, (25)
where ρ
(0)
r is the current radiation density, z the redshift parameter, z = 1/a(t)− 1, and yH(z), written
as a function of z. The EoS parameter for the dark energy, ωDE , is written as
ωDE = −1 + 1
3
(z + 1)
1
yH(z)
dyH(z)
dz
. (26)
By combining Eq.(20) with Eq.(14) and using Eq.(23), one gets
dyH(z)
dz
+ J1yH(z) + J2 = 0, (27)
where
J1 = − 3
(z + 1)
(1 + 2FT (T )) + 4m¯
2
(
3(z + 1)3 + 4χ(z + 1)4
)
FTT (T )
(1 + FT (T ))− 12m¯2 (yH(z) + (z + 1)3 + χ(z + 1)4)FTT (T ) , (28)
J2 =
1
(z + 1) (1 + FT (T )− 12m¯2 (yH(z) + (z + 1)3 + χ(z + 1)4)FTT (T )) ×{(
3(z + 1)3 + 4χ(z + 1)4
) (
(1 + FT (T ))− 12m¯2
(
(z + 1)3 + χ(z + 1)4
)
FTT (T )
)
−3(1 + 2FT (T ))
(
(z + 1)3 + χ(z + 1)4
)− ((F (T )/2m¯2) + χ(z + 1)4)} . (29)
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The torsion scalar can be written in function of the red-shift as
T = −6m¯2 (yH(z) + (z + 1)3 + χ(z + 1)4) , (30)
where we used d/dt = −(z + 1)H(z)d/dz = H(t)d/d(ln a(t)). By taking the trace form of Eq. 11 in the
vacuum, one gets the following equation
3H˙ (2TfTT (T ) + fT (T ))− 2TfT (T ) + f(T ) = 0. (31)
Since we are considering the de Sitter universe, the torsion has to be taken as the de Sitter one, known
as a constant, because of the constance of the Hubble parameter, such that the trace equation becomes
f(TdS)− 2TdSfT (TdS) = 0, (32)
where TdS = constant is the de Sitter torsion scalar.
Now, in order to check how much our model deviates from the de Sitter one, say, checking it conver-
gence to the de Sitter model, we study perturbations around the de Sitter solution of the dark energy
density. Then, we write the following equation
yH(z) ≃ y0 + y(z), (33)
where y0 = −TdS/6m¯2 is a constant and the stability requires |y(z)| ≪ 1. Eq.(30) leads to
T = −6m¯2 (y0 + y(z) + (z + 1)3 + χ(z + 1)4) . (34)
In this case, by neglecting the contribution of radiation and taking into account only the non-relativist
matter contribution, but assumed to be much smaller than y0, Eq.(27) becomes
dy
dz
+
σ
(z + 1)
y = β(z + 1)2, (35)
where
σ = − 3 (2fT (TdS)− 1)
fT + 2TdSfTT (TdS)
, (36)
β =
3 (fT (TdS)− 1)
fT + 2TdSfTT (TdS)
(37)
Here we have performed the variation of Eq.(34) with respect to T , and also have used Eq.(32). The
solution of Eq.(35) is
y(z) = C0(z + 1)
−σ +
β
(3 + σ)
(z + 1)3, (38)
where C0 is an integration constant.
As a check for our approach, let us now consider an exponential model, to see the behaviour of the
dark energy. In this paper, we assume the following exponential model; f(T ) = T + αT
(
1− eqT0/T ).
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Note that this model has been early used by Bamba and collaborators in [64] where they studied the
cosmological evolutions of the equation of state for dark energy. They showed that the crossing of the
phantom divide line of ωDE = −1 can be realized by combining to the exponential model a logarithmic
one. In this section, our goal is just to check the convergence of the exponential model to the de Sitter
one. In this way, we have
F (T ) = αT
(
1− eqT0/T
)
, (39)
where T0 = −6H20 is the scalar tensor at present time, with H0 = 74.2 ± 3.6Kms−1Mpc−1, and α =
−(1 − Ω(0)m )/ (1− (1− 2q) eq). By considering TdS/T0 ≪ 1, and using Eq (32) within the expansion of
the exponential function, one gets the following expression for the de Sitter torsion
TdS = −qT0
2
(
α−
√
α2 − 8α
)
(40)
In order to reach to an interesting physical result, among other conditions, we assume the case where
q > 0 and α < 0. Therefore, one gets
σ =
−3 [2 + 12 (α −√α2 − 8α− 4)]
1
2 (α−
√
α2 − 8α− 4) + 4
α−
√
α2−8α
− 1 , (41)
β =
3
1
2 (α−
√
α2 − 8α− 4) + 4
α−
√
α2−8α
− 1 , (42)
and the perturbation function y(z) takes the following form
y(z) = c0(z + 1)
−σ − 1
3− 4
α−
√
α2−8α
(z + 1)3, (43)
and whose the evolution versus redshift is realized at the Fig. 2 From the equation (33), we obtain the
corresponding expression of yH(z) as
yH(z) =
pT0
12m¯2
(
α−
√
α2 − 8α
)
+ c0(z + 1)
−σ − 1
3− 4
α−
√
α2−8α
(z + 1)3. (44)
The graphs representing the evolution of this function are plotted at the Fig. 1. Here, we just try to
show what happens at the low-redshift level. It can be observed that as the lowest redshift are being
reached, i.e, z → −1+, the curves at the right hand side seem to go toward zero. This is just the effect for
having used a very large interval, i.e, ]− 1,+∞[ because, indeed, at the level of low-redshift the curved
tend to some values different from zero.
Within the above expression, we perform the ones of the parameters of equation of state of the dark
energy ωDE and the effective ωeff as
ωDE = −1− σ (3 + σ) (z + 1)
−σ − 3β (z + 1)3
3 (3 + σ) yH(z)
, (45)
ωeff = −1− σ (3 + σ) (z + 1)
−σ − 3 (3 + σ + β) (z + 1)3
3 (3 + σ)
[
yH(z) + (z + 1)
3
] , (46)
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whose the graphs representatives are plotted respectively at Fig. 3 and Fig. 4 . We see from the Fig. 3
that as the lowest redshift are being reached, the parameter ωDE tends to −1 for the values of the input
parameters q and α. The same is almost obtained for the effective parameter of EoS ωeff showing for any
of the considered values of the input parameters q, the curves go toward −1. This is an interesting result.
Note that the effective parameter ωeff is the one that characterizes the whole content of the universe.
Also, it is well known that the de Sitter universe is the one for which one has ωeff = −1. Therefore,
due to fact that ωeff → −1 for z → −1+, one can conclude that within the exponential f(T ) model,
the de Sitter stage of the universe is realized for the lowest values of the redshift. This result completely
agrees with the one obtained by Bamba and collaborators [64] where they showed within others values of
the input parameters that the parameter ωDE goes toward −1 as the lowest redshift are being reached
z → −1+ with an exponential f(T ) model. In our case, due to the fact that we approximate the dark
energy to the effective content of the universe, it is obvious that our result is in agreement with the one
of [64].
We point out that our study is just about low red-shift. Note that as the title mentions, we are
interested to see whether the exponential model should describe the de Sitter stage of our current universe.
Therefore, we just have to limit our analysis to the low. This king of study is in the same way as the
well know ΛCDM model, which works only for the current times. It is well known that for early times,
ΛCDM model does not work. The spirit is just the same here. We just our study to the low red-shift
because knowing that this cannot lead any interesting result for high red-shift.
3 Time evolution
Our goal in this section in to obtain the expression of the scale factor for with, at the level of low-
redshift, the standard de Sitter expression may be recovered. To do this, let us consider the Eqs.(33) and
(38) in the case where −σ = γ is a positive real number:
yH(z) = y0 + C0(z + 1)
γ +
β
(3 + α)
(z + 1)3, (47)
where y0 = H
2
dS/m¯
2 = −TdS/6m¯2 and C0 is a constant. We will assume C0 > 0. From the first equation
of motion (19), one gets
H2
m¯2
= yH(z) + (z + 1)
2 ≡ y0 + C0(z + 1)γ + 1
1 + 12TdSfTT (TdS) (1− fT (TdS))
(z + 1)3, (48)
and the explicit expression of H depending on cosmic time t may be obtained. By substituting (z + 1)
by 1/a(t), one gets (
a˙(t)
a(t)
)
= H2dS + (C0m¯
2)
(
1
a(t)
)γ
. (49)
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In the previous expression we have neglected the matter contribution. Now by considering t > 0, the
general solution for the expanding universe is
a(t) =
(
C0m¯
2
H2dS
) 1
γ
[
sinh
(
HdS
2
γt+ φ
)] 2
γ
, (50)
where φ is a positive constant. The above expression can be rewritten, given
a(t) = a0e
HdSt
[
1− e−(HdSγt+2φ)
] 2
γ
, (51)
where a0 is the value of the scalar factor a(t) at t = 0 and a0 =
1
2
(
C0m¯
2e2φ
HdS
) 1
γ
. Therefore, the Hubble
parameter gives
H = HdS coth
(
HdS
2
γt+ φ
)
. (52)
The interesting feature here is to observe that, as γ > 0, for the the redshifts reaching the low possible
ones, i.e, z → −1+, the scale factor becomes a(t) ≃ a0eHdSt, and for t > 0, H ≃ HdS . These results, once
again confirm that the de Sitter stage of the current dark energy dominated universe may be described
for the lowest values for the redshift.
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Figure 1: The curves plotted present the evolution of the perturbation function y versus z. The Blue one
is plotted for q = 0.03, the Red for q = 0.04, the Magenta for q = 0.05 and the Green one for q = 0.06.
The parameters C0 and Ω
(0)
m are set to 0.5 and 0.26, respectively.
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Figure 2: The graph presents the evolution of yH versus z for a wide interval of the redshift. The Blue
one is plotted for q = 0.03, the Red for q = 0.04, the Magenta for q = 0.05 and the Green one for q = 0.06.
All of them are plotted for C0 = 0.5, Ω
(0)
m = 0.26.
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Figure 3: The graph presents the evolutions of the parameter of the equation of state related to the dark
energy according to the physical evolution of the redshift. The Blue one is plotted for q = 0.03, the Red
for q = 0.04, the Magenta for q = 0.05 and the Green one for q = 0.06. The parameters C0 and Ω
(0)
m are
set to 0.5 and 0.26, respectively.
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Figure 4: This graph presents the evolutions of the parameter of the effective equation of state versus z,
the blue for q = 0.03, the Red for q = 0.04, the Magenta for q = 0.05 and the Green one for q = 0.06.
Also here C0 and Ω
(0)
m are set to 0.5 and 0.26, respectively.
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4 Conclusion
In this paper, we consider the modified theory of gravity based on the torsion scalar, as the generalized
version of the TT, where we assume an exponential model for the action. We then search whether the
model may be used to describe the de Sitter stage of the current dark energy. To do so, the function
yH(z), as the ratio of the energy density of the dark energy over the current ordinary matter, and
perturb it around its de Sitter value. What has to be checked is whether within the exponential model,
the perturbation y(z) function may vanish or converge toward a value whose the magnitude should be
very less than 1.
According to our results, the perturbation function y(z) converges and goes toward zero as the lowest
values (z = −1+) are approached. As it is well known, for the de Sitter universe, the parameter of the
effective equation of motion is −1. Beside to the interesting convergence of the perturbation function,
we see that for the same values of the redshift, the parameter of the effective equation of state ωeff goes
toward −1, which is its known value of the de Sitter universe. At the same time, the parameter yH(z)
reaches the corresponding de Sitter values y0, as explicitly presented at the left hand side of the Fig. 1.
In order to check the validity of the fact to get stability only for low-redshifts, we first try to perform the
time evolution expression for both the scale factor and the Hubble parameter. The interesting feature
here is that for the lowest values of z and within the cosmological considerations, we see that the de
Sitter expressions are recovered for the scale factor and the Hubble factor, confirming once again that the
model can describe the de Sitter stage of the current accelerating expanded universe only for lowest values
of z. From ours results, we conclude that the exponential f(T ) model, for suitable values of the input
parameters may perfectly describe the de Sitter stage of the current dark energy dominated universe.
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